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Temperature Distribution in a Composite Box
Structure Subject to Transient Heat Fluxes

J. R. Miller¤ and P. M. Weaver†

University of Bristol, Bristol, England BS8 1TR, United Kingdom

Finiteelement andanalyticalapproachesareused todetermine the transient temperature distribution throughan
air-� lled box structure with carbon-� ber-reinforced plastic skins. A study of the individual and combined effects
of conduction, convection, and radiation boundary conditions is performed. A novel method for the inclusion
of natural convection within a cavity using the � nite element program ABAQUS is presented. It is shown that
although the effects of natural convection within the cavity are less signi� cant than that of radiation, they are
not negligible and, thus, should not generally be excluded from the analyses. Analytical models based on integral
transforms are developed to describe the temperature distribution through the skin, subject to combined thermal
loading conditions. Fully transient convection conditions as well as combined semitransient convection–radiation
conditionsare modeled, and the limits of this analytical solutionare explored. The analyticalmodeling of combined
convection and radiation conditions using integral transforms is novel and is shown to predict temperatures within
approximately 5±C of those given by � nite element analyses.

Nomenclature
H = h=k, m¡1

h = heat transfer coef� cient, W/m2K
hc = convection heat transfer coef� cient, W/m2K
h R = equivalent radiation heat transfer coef� cient, W/m2K
k = conductivity,W/mK
L = skin thickness, mm
m = number of series terms
q = heat � ux, W/m2K
T = temperature, K
Ti = initial temperature at t D 0, K
Ts = surface temperature,K
T1 = sink or reference temperature, K
t = time, s
x = position through thickness of skin, mm
® = thermal diffusivity, m2/s
¯m = eigenvalues
" = surface emissivity
¾ = Stephan–Boltzmann constant, 5.669e¡8 W/m2K4

Introduction

T HE use of composites, especially carbon-� ber reinforcedplas-
tics (CFRP), in challenging temperature environments such as

aircraft and space operations, continues to increase. Understanding
the structural behaviour of these materials within extreme environ-
ments is of paramount importance. Before this behavior can be ex-
amined, however, it is necessary to be able to predict accurately the
temperature through a structure. The objective of the current work
was to study a largebox structuremade of compositeskins and � lled
with air, subject to conduction,convection,and radiation boundary
conditions.Such a structure is representativeof a composite aircraft
wing. The aim was to gain an understanding of the effects of each
individual heat transfermechanism and predict surface and through
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thickness temperature pro� les for the box structureusing analytical
and � nite element (FE) models for comparison.

In reality, the thermalboundaryconditionsare generallya combi-
nation of conduction,convection,and radiation.To gain meaningful
results, it is expected that all of these conditions should be mod-
eled in a transient fashion. Figure 1 shows the boundary conditions
involved in the problem of a box structure.

Transient temperature analyses for box structures, especially
those constructed of composite materials and under a wide range
of thermal conditions, are largely unavailable in the open literature.
Steady-state analysis has been performed,1 but transientmodels in-
cludingall modes of heat transfer are few. Natural convectionmod-
els within a cavity, or box structure, with a temperature difference
between horizontalwalls are also scarce.Generally, the naturalcon-
vection models that exist are either for small enclosures2 or involve
an incomplete cavity3 subject to boundary conditions quite differ-
ent from those of the current problem. The inclusion of radiation
effects in a cavity has been studied, but the results of such stud-
ies are generally too speci� c to be applied to a problem involving
combined mechanisms of heat transfer.4 No work was found in the
open literature that combined the effects of transient natural con-
vection and radiation within a horizontal box structure, and none
of the mechanisms of heat transfer studied independently involved
work on composite structures.

In most current analyses, numerical solutions, such as FE anal-
yses, are adopted as the method of predicting temperature pro� les.
This is acceptedas an accuratemethodin generalheat transferanaly-
ses. However, analyticalanalysismay also be consideredas a viable
methodof solution,which oftenoffersgreaterphysical insight to the
problem than numerical analysis. Although analytical methods are
commonplace, the use of these methods is generally limited to sim-
pli� ed, less realistic boundary conditions for steady-state analyses.
The integral transform solution technique, which is well described
by Osizik,5 is known to be an effectivemethodof analyticalanalysis
that can, in theory,be adapted to suit most boundaryconditioncom-
binations.Generally, however, the potential for using this method is
not fully explored. Some analytical solutions have been formed for
transientproblemsusingthis technique,but these aremost oftenlim-
ited to semi-in� nite or in� nite solidswhere exact,6 rather than series,
approximationscan be obtained. For the limited work that has been
done on plates with � nite boundaries, simpli� ed boundary condi-
tions of constant temperature or constant � ux are applied.7¡9 There
are a few papers containingmodels with convectionconditions10;11;
however, the inclusion of radiation boundary conditions along with
convection has not been explored.
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Fig. 1 Thermal loading conditions.

This paper presents a method of transient temperature prediction
through a simpli� ed CFRP air-� lled box structure, by use of FE
and analytical analysis. FE analysis is used to model the global
structure subject to the complete range of conduction, convection,
and radiation boundary conditions. An analytical model based on
integral transforms is then developed to compare with FE results
for the temperature pro� le through the bounding skin itself. The
analyticalmodelexpandsonpreviouswork5;10;11 to includeradiation
boundary conditions.

Global FE Model
Model Description

A FE model basedon the box structurewith dimensionsdescribed
by Fig.1 was developed. The model was made up of DC2D8, two-
dimensional ABAQUS heat transfer elements. In this model the
skins were assumed to be CFRP and were modeled with four ele-
ments throughthe thickness.The spacecontainedbetweentheCFRP
was modeled with eight elements through the thickness.These ele-
ments were given the material properties of air, and the size of the
elements was graduated such that smaller elements were located
directly below the skin surface and the elements got progressively
larger toward the midplane. There were 50 elements, each of equal
width, used across the width of the box to ensure that no edge ef-
fects were present at the centerplane, where the temperatures were
considered. The internal surfaces were assumed to be smooth for
the purpose of radiation, and there were assumed to be no internal
obstructions such that every surface within the box could re� ect
radiation to every other surface. Previous runs with coarser meshes
showed that mesh effects had been eliminated.

The CFRP was assumed to be homogeneously orthotropic, and
thematerialpropertieswere thoseof a layupconsistingof 50%0-deg
� bers, 40%90-deg� bers,and 10%§45-deg� bers in an epoxyresin.
The material properties in the lengthwise (direction 1) and through
thickness (direction 2) directions, respectively,were assumed to be
uniform. The material properties for CFRP12 and air13 used in the
various analyses can be seen in Table 1. Properties are given at
two temperatures, 270 and 500 K. The properties at temperatures
between thesevalueswere calculatedby linear interpolation.A very
hot, dry 12-h day was chosen for the model temperature conditions.
The effectsof conduction,convection,and radiationon externalskin
surfaces and within the tank were studied.

To model the external thermal loads as shown in Fig. 1, the stan-
dard equationsof heat transfergivenby Holman6 for conduction(1),
external convection (2), and external radiation (3) conditions were
applied by ABAQUS14 within the model as

q D ¡k
dT

dx
(1)

q D h.Ts ¡ T1/ (2)

q D ¾ "
¡
T 4

s ¡ T 4
1

¢
(3)

Solar radiation was consideredas the primary method of external
heating, and it was assumed that there was no internal heat genera-
tion within the box structure.A sine wave with a maximum value of
1000 W/m2 and a period of 12 h, beginning at 0600 hr, was used to

Table 1 Material properties

Property CFRP Aira

Emissivity 0.8 ——
Conductivity (270 K), W/mK

Direction 1 8.38 0.0237
Direction 2 0.81 0.0237

Conductivity (500 K), W/mK
Direction 1 11.99 0.037
Direction 2 1.37 0.037

Speci� c heat, J/kg K
270 K 848 1011
500 K 1485 1011

Density, kg/m3

270 K 1550 1.252
500 K 1550 0.723

aAll values for air properties are given at 273 and 473 K rather
than 270 and 500 K, respectively.

Fig. 2 Sink temperatures for convection (air) and radiation (sky) over
a 12-h period.

represent the solar � ux on the top surface.A resultant solar � ux was
calculated for the bottom surface using an Earth emissivity of 0.67.
Temperatures obtained from previous experimental measurements
in a hot dry environment13 were used as the sink temperatures, as
shown in Fig. 2. The “air” temperaturewas usedfor externalconvec-
tion, the “internal” temperatures were calculated based on results
from conduction-onlyanalysis, the “sky” temperature is a measured
atmospheric level temperatureused for radiation to the top skin, and
“Earth” is measured on a grey concrete surface and used for radi-
ation to the bottom skin. Natural convection was the only form of
convectionpresenton the skin surfaces, that is, windless,worst-case
conditions. The lateral bounding surfaces of the model were con-
sidered insulated at their external faces, which is similar to having
unidirectionalCFRP at these vertical faces due to its extremely low
conductivity (typically k < 1 W/m2K).

Conduction-Only, Convection-Only, Radiation-Only,
and Combined Convection–Radiation Analyses

Within the tank, individualstudiesweremade for each of the three
mechanismsof heat transfer: conduction,convection,and radiation.
Equation (1) was appliedquite simply to model conductionthrough
the tank.Radiationwithin a cavity requiresadditionalequations,but
ABAQUS has the capability to perform this type of analysis. Based
on viewfactor calculations and material emissivities, ABAQUS as-
sesses the potential of each surface to absorb, transmit, and re� ect
radiation to every other internal surface, which can then in turn, ab-
sorb, transmit, and rere� ect this radiation.ABAQUS’s capability to
model convectionwithin an enclosureor cavity, however, is limited
to forced convection; thus, an alternative approach, similar to the
that used for externalconvectionconditions,was adoptedto account
for natural convection within the box structure.
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The convectionheat transfer coef� cient for each surface was cal-
culated using a number of different approaches. Fujii and Imura15

have determined three equations for upward and downward facing
plates. These equations have been generally accepted for use with
air as the convection � uid based on the correlation of independent
experiments,as summarized by Holman.6 Equationsdeterminedby
Singh et al.16 and Vilet17 were also used as comparison. Based on
convection heat transfer work studying edge effects,18 the signif-
icant distance between vertical boundaries, and the large number
of elements horizontally, the top and bottom skins were treated as
upward- or downward-facingin� nite plates, depending on the ther-
mal environment.Internally,the signi� cant distance(approximately
0.5 m) between the top and bottom tank walls permitted the skins
to be treated as two in� nite plates with separate thermal environ-
ments. This assumption was justi� ed through a comparison of con-
ditions in previous studies of convectionwithin air- and water-� lled
enclosures.19;20 The internal surface temperatures were determined
by performinga heat transfer analysis of the wingbox model, where
the only method of heat transfer within the tank was conduction.
This was considered to be the highest possible temperaturescenario
because the air acts as an insulator inside the tank due to its low
conductivity.This implies that the hottest temperaturesoccur at the
internal surface of the bounding skins. To make use of this worst-
case scenario, these temperatures at the internal skin surfaces were
used as the sink temperaturesfor the separate thermal environments.
This assumption is valid because in a conduction-onlyanalysis the
gradient remains linear and this opposing surface is the boundary
of this gradient, thus dictating the “far-� eld” temperature.

The error associated with using a formula to � nd the heat trans-
fer coef� cient can be substantial, due to the speci� c experimental
conditions used in each particular case and with the addition of ex-
perimentalerror itself.These potentialsourcesof error are generally
well realized, and errors of up to approximately20%, dependingon
the severityof the approximationsmade for the givenproblem,have
been suggested as a safe estimate when using the convection heat
transfer coef� cient equations.6 When this 20% error approximation
was used, the bounds of the prospective heat transfer coef� cients
were calculated, and the most conservative values were used to
provide a worst-case or highest temperature scenario.

In the present analyses, heat transfer coef� cients of 8 and
3 W/m2K were calculated, using the aforementioned methods, for
the topandbottomexternalsurfaces,respectively,with the surround-
ing air temperature as the sink temperature over the 12-h period, as
shown in Fig. 2. In the case of radiation at the external surfaces,
the sink temperatures used were the sky temperature, because it is
closer to the sun for the top surface, and the Earth temperature be-
cause it is the nearest source of radiation for the bottom surface. It
was assumed that there were no clouds to interferewith the sun’s ra-
diation, no radiation was incident from other sources, and radiation
was not rere� ected from the Earth back to the bottom surface.

Internally, a value of 2 W/m2K was found, based on sink temper-
atures from the conduction-onlyanalysis. This value was used for
the � rst 9 h on the top surface, during which this surface was at a
hotter temperature than the bottomsurface accordingto preliminary
conduction-only analysis. Throughout this period, no natural con-
vectionwas assumed to take place at the bottomsurface because the
thermalgradientcan only act in one direction.As stated, the temper-
ature of the bottom surface obtained via a conduction-onlyanalysis
for the corresponding time was used as the sink temperature.These
values correspond to the � rst eight points of the internal curve of
Fig. 2. For the last 3 h of the analysis, when the bottom internal
surface was found to be hotter, a value of 4 W/m2K was applied to
the bottom internal surface, with zero convection heat transfer on
the top surface. The sink temperatureswere the internal top surface
temperatures,which correspondto the last four points of the internal
curve of Fig. 2. Radiation was calculated internally by ABAQUS
after de� ning the internal surfaces and their material properties.

The heat transfer coef� cients are a function of surface temper-
atures, which are known to vary throughout the day, suggesting
that the heat transfer coef� cients will also vary. This effect was ex-
amined, and 12 different heat transfer coef� cients were used over

the course of the 12-h day to represent this effect. The results of
this analysis, however, showed negligible changes from those anal-
yses that used a constant heat transfer coef� cient throughout the
day. Based on the error associated with the calculation of the heat
transfer coef� cients and the minimal in� uence in the results, it was
determined that no noticeable improvement in accuracy was gained
by varying the heat transfer coef� cients, and thus, they were held
constant for all analyses.

FE Results

The simplest form of analysis completed involved conductionas
the only method of heat transfer through the box. Not surprisingly,
this resulted in the highest temperatures. The poor conductivity of
the air acted as an insulator on the internal skin surfaces, not per-
mitting any heat to be removed from the skins. The next type of
analysis included the effects of natural convection within the cav-
ity. This inclusion had a small effect on the temperature observed;
however, the effects were not considered negligible.

Finally, an analysis including only radiation within the tank was
performed.These results showed the largest temperaturechanges in
comparison to the conduction-only analysis and can be explained
by the fourth-orderradiationeffects.Because of the large difference
between the surface and sink temperatures, the fourth-order power
of these temperatures make this difference even more signi� cant,
which in turn lead to increasedcoolingof the skins due to radiation.
Once these analyses with only one internal boundary condition had
been completed, an analysis using combined internal convection
and radiation was performed. This combined analysis resulted in a
further reductionin the overallmaximumtemperatures,whichoccur
at the top surface. Figure 3 shows the results of these analyses.

The analysis reaches a time, at approximately 1400 hr, when the
bottom skin becomes hotter than the top skin. Although the max-
imum solar � ux occurs at 2400 hrs, the Earth � ux lags the solar
� ux by approximately 2 h due to the absorption and emittance of
incoming radiation. Because the temperature of the bottom surface
is primarily dictated by the behavior of the Earth, the reversal in
the position of the maximum temperature follows the same pattern.
Up to this reversal time, the conduction-onlyanalysis produces the
highest temperatures for the top skin, but the radiation-only analy-
sis, in comparison, produces the higher temperatureson the bottom
skin. This is because, for the radiation analysis within the cavity,
the emittance of radiation is only a function of temperature gradi-
ent. Therefore, because the top skin is at the higher temperature, it
can effectivelyemit radiation as a way of cooling the surface, lead-
ing to lower temperatures than with the conduction-only analysis.
The bottomskin,on the other hand, is forced to absorb this incoming
radiation because of its lower temperature, and the only way it can
slightly cool itself is to re� ect some of the radiation back toward
the top skin. Because it cannot actually emit radiation at this time,
the bottom skin heats up and, in doing so, explains the higher tem-
peraturesof the radiation-onlyanalysis.After this reversal time, the
effects of conduction-onlyand radiation-onlyare seen to reverse for

Fig. 3 Results of individual heat transfer mechanism analyses, where
(t) is top surface and (b) is bottom surface.
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the top and bottom skins. Again this can be explained by the hotter
bottom surface having the ability to emit radiation.

From Fig. 3, it can also be seen that the convection-only and
conduction-only trends for both the top and bottom surfaces are
very close together at all times, suggesting that the cooling effects
of the internal convectionare small, but as can be deduced from the
combined plots, not insigni� cant because the combined results do
not follow exactly the radiation-only trend.

Before the reversal time, radiation is seen to have a signi� cant
cooling effect on the top skin, but the convection actually causes
an increase in the temperature due to the very small heat transfer
coef� cient acting more like an insulator. After the reversal time,
however, convection cooling occurs, and heating this time is due to
radiation. On the bottom skin, convection has a negligible effect, in
comparison to radiation, up to the reversal time; however, after this
time the analysis is dominatedby convection.This increasein effect
of the convectionon the bottom skin as compared with the top skin
is explainedby that the transfer coef� cient is more than double that
of the top skin.

Examples of the FE results for the combined temperaturepro� les
are given in Fig. 4. The curvature seen at the horizontal edges is
caused by no boundary conditions being speci� ed at these edges;
therefore,ABAQUS sees them as perfectly insulated.Some of these
edge effects may also be due to rere� ection of radiation.This condi-
tion is similar to having unidirectionalCFRP boundaries.Tempera-
ture resultsfor these analyseswere basedon the uniformdistribution
through the center of the structure.

2400 hr

1500 hr

1800 hr

Fig. 4 FE temperature pro� les.

Global Model Conclusions

To obtain a realistic and accurate temperature prediction model,
the internal boundary conditions of natural convection and cavity
radiation should be included. In an air-� lled box, the top surface
temperature is greater than the bottom surface temperature up to
the reversal time, approximately 1400 hr, after which the bottom
surface becomes hotter. The position of the maximum temperature
associated with the “reversal time” corresponds directly with the
external � ux behavior.

The highestmaximumskin temperatureswere approximately105
and 98±C (378 and 371 K) on the top and bottomskins, respectively.
These high temperatures were due to the insulating characteristics
of the air within the box structure, preventing the ef� cient dissipa-
tion of heat. Radiation was seen to have a large in� uence in these
temperaturepro� les, especiallybefore the reversaltime.Convection
was also found to play a role, particularly after the reversal time,
vindicating its inclusion in the model.

Analytical Model Through Skin
Integral Transforms

To keep a global model ef� cient, few elements can be used
through the skin, thus limiting the understandingof the behavior in
this critical area. A local model is, therefore, required. A FE model
of this area is trivial, but requires redesign each time a dimensional
parameter is changed. An analyticalmodel can generally eliminate
the requirement for redesign and, from an academic point of view,
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offers greater insight to the problem. The analytical model devel-
oped herein is modeled using integral transforms as discussed by
Osizik.5 Convection conditions were examined � rst, and compared
with FE and Heisler chart (see Ref. 6) results. These conditions
were then further developed to offer improved usability over the
Heisler chart method. Based on work by Zerkle and Sunderland,21

a novel linearized form of radiation boundary conditions was de-
veloped for modi� ed use with the analytical model for convection.
Finally, the effects of combined convection–radiation conditions
were considered.

The local model of the top skin can be seen in Fig. 4, whereas
the basic Fourier heat transferequationsused to describe the current
problem with convection-onlyboundary conditions are given by

¡k1.t/
dT

dx
C h1.t/T D h1.t/T11.t/ at x D 0 (4)

k2.t/
dT

dx
C h2.t/T D h2.t/T12.t/ at x D L (5)

T D Ti at 0 · x · L ; t D 0 (6)

The variable kn.t/ is the conductivity of the solid of surface n as a
function of time and similarly for all other variables.

The development of temperature pro� le equations rely on inte-
gral transforms and inversion formulas as given by Osizik.5 Inte-
gral transforms are limited to linear boundary conditions.5 Osizik’s
formulas have been used as a benchmark for other analytical
developments.10;11 These further developments have only taken
place in recent years, which suggests that the potential use of ana-
lytical solutions, rather than numerical analysis, has not been fully
explored. The dif� culty in approachingheat transfer problems with
an analytical method is that, for any small alteration in the prob-
lem de� nition, especially the boundary conditions, the analytical
solution may change dramatically.

The concepts and nondimensionalised formulation of a general
analytical solution are quite straightforward, as de Monte10 sug-
gests. De Monte gives a good summary of the different possible
analytical methods that could be used to solve transient heat trans-
fer problems, as well as their strengths for speci� c applications.
The error analysis performed is valuable in gaining an apprecia-
tion for the number of terms required to reach a desired level of
accuracy using the closed-form analytical solution. Unfortunately,
in the problem de� nition itself, a simplifying assumption of con-
stant temperature boundary condition is made, limiting the appli-
cability of the work for more complicatedproblems. Antonopoulos
and Tzivanidis11 have also carried out analysis using the integral
transform technique. Analytical solutions were developed for one-
dimensional heat transfer through a composite structure, subject to
convectionboundaryconditionsat its surfaces. The model provides
important insight to analytical solutions in a composite region, but
it does not address radiationboundaryconditions,which are known
to have a signi� cant effect in the current problem.

Convection Boundary Conditions

In the � rst development of an analytical solution for third-order,
convection boundary conditions at both external surfaces as seen in
Fig. 5, certain simplifying assumptions were made. The skin was
considered as a homogeneous material; thus, k1 and k2 were equal.
The convection heat transfer coef� cients on both external surfaces,
the sink temperatures, and the conductivity were not varied with
time.The sink temperaturesused at theexternalsurfaceswas chosen
as a constant T1 D 323 K for both the top and bottom surfaces.

Fig. 5 Local model of heat transfer through skin.

Under boundary conditions of convection to the environment on
both top and bottomof the skin, and with the assumptionsas already
stated, the analytical equation developedusing Osizik’s5 method to
describe the temperature pro� le through the skin is as follows:

T .x; t/ D
1X

m D 1

2[¯m cos.¯m x/ C H1 sin.¯m x/]©¡
¯2

m C H 2
1

¢£
L C H2

¯¡
¯2

m C H 2
2

¢¤
C H1

ª

£
³³

Ti e
¡®¯2

m t £
µ

sin.¯m L/ ¡
H1

¯m
cos.¯m L/ C

H1

¯m

¶

C
¡
1 ¡ e¡®¯2

m t
¢» H1T11

¯m
C

H2T12

¯2
m

[¯m cos.¯m x/

C H1 sin.¯m x/]

¼ ´́
(7)

The solution of the eigenvalues ¯m are the positive roots of the
following transcendentalequation:

tan.¯m L/ D
¯m.H1 C H2/

¯2
m ¡ H1 H2

(8)

Conditions of h1 D h2 and T11 D T12 were chosen so that results
can be compared with FE and Heisler chart (see Ref. 6) results.
Simple Heisler charts can only be used to estimate the midplane
temperature at a given time in the analysis. These charts often pro-
vide a largerdegreeof uncertaintybecausethe user must interpolate
from the charts. Furthermore, the use of Heisler charts is restricted
to a speci� c class of boundary conditions.The analyticalmodel de-
veloped by the use of integral transforms has a much broader range
of application.Whereas the applicabilityof Heisler charts is limited
to identical boundary conditions on both sides of the � nite plate,
the current analytical model has the capability to include different
boundary conditions at each edge as well as time-dependent heat
transfer coef� cients and transient sink temperatures.FE models are
also a popular method of conductingheat transfer analysis. A com-
parison of the three methods for convection boundary conditions,
as described by Eq. (7), can be seen in Fig. 6.

There are two main sources of error associated with the ana-
lytical model: the series truncation and the calculation of the ¯m

eigenvalues.An in� nite series would, in theory, provide exact tem-
peraturevalues,whereas a shorter truncatedserieswould providean
approximation of the temperature in a reasonable computing time.
Obviously, the tradeoff is accuracy to run time.

Table 2 shows a comparison of the results calculated using m
terms in the serieswith those foundby FE analysisat a given time. It
can be seen in Table 2 that termsabovem D 1000donot contributeto
improvingtheaccuracyof theanalyticalresults.The valuesgivenfor
m D 100 appear to be the closest match to the FE values, suggesting

Fig. 6 Through thickness skin temperatures for identical convection
boundary conditions.
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Table 2 Error associated with truncation of the series after m terms

T , K

t , s FE m D 5 m D 50 m D 100 m D 500 m D 1,000 m D 10,000

30 289.2 288.25 289.12 289.17 289.21 289.22 289.22
300 295.2 294.28 295.25 295.20 295.24 295.25 295.25
3600 323.8 322.88 323.75 323.80 323.84 323.84 323.84

Fig. 7 Through thickness skin temperatures for different convection
boundary conditions.

that the FE analysis also contains truncation errors. Thus, given
these results, in future analyticalmodels, m D 1000 is used. The run
times associated with this number of series terms remains within
an acceptable range, although it can be approximately 50% higher
than that of the FE analyses.

The second source of error is the calculation of the ¯m values.
This was found to have an impact on overall accuracy. Because of
the ill conditioning of the transcendental equation, the ¯m values
were required to be obtainedusing double precision accuracy. This,
however, did not eliminate all errors in obtaining the � nal T .x; t/.
Because of the inherent sensitivity of the equation, the approxima-
tion of a series for the calculation of the terms containing cosine
or sine, perfect convergence of the solutions could not be reached,
regardless of the number of terms used in the series. These errors,
although present, are not estimated to be large, nor are they ex-
pected to be greater than those numerical errors associatedwith the
FE analysis.

After con� dencewas gainedin theanalyticalmodel’s capabilities,
the heat transfer coef� cients and sink temperatures were altered at
each surface to replicateconditionsof differentboundaryconditions
at the internal and external surfaces of the skin for a box structure.
However, their values were still held independent of time. For this
study the sink temperature for the top surface was T1 D 328 K, the
maximum value of the air curve from Fig. 2 and for the bottom
surface,T1 D 369 K, the maximum value of the internal curve from
the globalconduction-onlyanalysisas seen in Fig. 2. Figure 7 shows
a comparison of these new conditions with FE results.

The differences between the analytical results and the FE re-
sults are more profound than in the preceding case. The discrep-
ancy appears to grow as the time increases, to a maximum differ-
ence of approximately 5 deg at steady state. This expanding differ-
ence in values results because, as time increases, the in� uence of
the second term in the analytical series (7) increases; .1 ¡ e¡®¯2

m t /
.H1T11=¯m C ¢ ¢ ¢/. Because this second term accounts for the ef-
fects of different sink temperatures and convection heat transfer
coef� cients, the difference in values resulting from the errors asso-
ciated with the analyticalmodel become more signi� cant with time.
However, the steady-state value can be taken as worst case. Even
at this maximum value, the discrepancyis still within 5%, and given
the uncertainty associated with the heat transfer coef� cients used,
this falls within an acceptable range.

Fig. 8 Top (t) and bottom (b) skin surface temperatures for transient
sink temperatures.

Next, the sink temperatureswere considered functions of time as
in the global analysis and represented by a � fth-order polynomial.
The convection heat transfer coef� cients were held constant with
respect to time because, as was proven in the global box analyses,
the variation of these parameters with time had negligible effect on
the temperature pro� les. The following equation shows the adapted
version of Eq. (7) to accommodate varying sink temperatures over
the course of the day:
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Both sink temperatures were represented to an accuracy of 0.001
(R2 > 0:99)with � fth-orderpolynomials.Figure8 shows the topand
bottom surface temperatures for these convection boundary condi-
tions with time-dependent sink temperatures.

It is apparent that the FE and analytical results are a close match
for both surfaces and that there is little variation in temperature
through this thin skin. The analytical model overpredicts the max-
imum day temperatures by about a degree; whereas at other times
throughoutthe day, the differencesbetween the two models is negli-
gible. Those errors associated with the analytical model are caused
by two approximations. The � rst, is the representation of the sink
temperatureswith a polynomial rather than using the exact temper-
atures as in the FE analysis. The second error is again related to the
calculation of the ¯m values and the related series approximation
for cosine and sine terms used.

Radiation Boundary Conditions

To include the effects of radiation boundary conditions, a new
approach was taken. The fourth-order effects of radiation were lin-
earized, and a transformed heat transfer coef� cient was developed.

Zerkle and Sunderland21 have summarized work carried out on
transient radiation temperature prediction via analytical analyses.
They discuss the merits of using an equation given by Chapman22

to obtain an approximate solution if the heat � ux at the slab surface
is nearly linear. In the case of radiation it is suggested that, when the
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ratio of the temperature at a given position in the solid to the sink
temperature is greater than approximately0.75, the treatment of ra-
diation as a linear � ux is valid. In the currentproblem, the maximum
temperaturedifferenceoccurs at the initial temperature,Ti D 288 K,
and at maximum sink temperature,T1 D 350 K, which implies that,
because the temperature will always increase from this state due
to the incoming solar � ux, the minimum ratio Ti =T1 D 0.82. The
assumption of linear radiation means that the radiation equation (3)
would become identical to the convectionequation (2), but with the
heat transfer coef� cient de� ned according to the radiation condi-
tions, such that Eq. (2) would become

q D h R.T ¡ T1/ (10)

where h R is the radiation heat transfer coef� cient.
The validity of this approximation has also been discussed by

Jakob.23 It was concluded that under the conditions as speci� ed
earlier, it could be an accurate representationof the radiationcondi-
tions. Therefore, it was determined that linear conditions could be
assumed in the current case, to use the earlier developed analytical
model.

First, the equation for a radiation-onlyboundary condition given
in Eq. (3) was modi� ed to suit the form

q D ¾ "T1
£
1 ¡ .T=T1/4

¤
D ¾ "T1

£
1 ¡ .1 ¡ T=T1 ¡ 1/4

¤
(11)

When X D 1 ¡ T=T1 , Eq. (11) can be rewritten as

q D ¾ "T 4
1[1 ¡ .X ¡ 1/4] (12)

The full expansion of the term .X ¡ 1/4 is given by

.X4 ¡ 4X 3 C 6X2 ¡ 4X C 1/ (13)

When a simple study of the in� uence of each term in Eq. (13)
was performed, it was determined that the accuracy gained by us-
ing a quadratic representation did not justify the added complex-
ity it would bring to the problem. In fact, it was seen that the
� rst-order term of Eq. (13) provided over 95% of the solution,
when the condition of Ti =T1 > 0:75 or, for the current case, when
X D .1 ¡ Ti =T1/, X < 0:25, was met. In the current problem, the
maximum value for X is 0.18; therefore, the assumption of approx-
imately linear behavior is justi� ed. The in� uence of the � rst term
was found to grow as X ) 0.

The equation for a radiation boundary condition can then be
written as

q D ¾ "T 4
1.4X / D 4¾ "T 4

1 ¡ 4¾ "T 3
1 T (14)

Equation (14) can be rewritten in the same form as for convection
boundary conditions, such that the � nal form of the Fourier heat
transfer equations for a radiation boundary condition, based on the
aforementionedassumptions, is given by

¡k
dT

dx
C hR T D h R T1 (15)

When Eqs. (14) and (19) are compared, the radiation heat transfer
coef� cient hR can be de� ned as

h R D 4¾ "T 3
1 (16)

Figure9 shows the temperaturedistributionscalculatedusingEq. (9)
and the new radiation heat transfer coef� cient as stated in Eq. (16),
through the CFRP skin subject to radiation boundary conditions
at both surfaces. In Fig. 9, it can be seen that the discrepancies
between the analytical and FE results at longer times are slightly
larger than those of the convectionanalysis, this time to a maximum
of approximately 6 deg at steady state. Again, this is due to the
in� uence of the second term in Eq. (9). Because this term is more
heavily affected by the heat transfer coef� cients than the � rst term,
the error associated with assuming that radiation conditions can be
approximated as linear similar to convection conditions becomes
more apparent.

Fig. 9 Through thickness skin temperatures for radiation boundary
conditions.

The use of this model with radiationboundaryconditionsis, how-
ever, limited to sink temperatures that are independent of time. Be-
cause the radiation heat transfer coef� cient is a function of the sink
temperature,every term must remain within the integral,unlikewith
convection-onlyboundaryconditions.All terms containingthe heat
transfer coef� cient must be integratedwith respect to time, and due
to the multiplicationof these terms to the exponential function, this
integrationbecomes extremely cumbersome.Further errors are also
introduced by the approximation of the heat transfer coef� cients,
as well as the sink temperatures, by a polynomial. The dif� culties
associated with obtaining this approximation do not � t the purpose
of creating simple and effective analytical models.

Combined Convection–Radiation Boundary Conditions

In reality, the conditions at a solid surface are a combination of
convectionand radiation.Therefore, to make the analyticalmodelas
useful as possiblewith respect to realistic conditions,a � nal case of
combinedconvectionand radiationboundaryconditionsat each sur-
face is examined.For the reasonsgiven in the radiationsection, this
analysis was limited to sink temperatures that were independent of
time. When Eqs. (2) and (3) are combined, the general heat transfer
equation for combined convection–radiation boundary conditions
can � rst be written as

q D hc.T1C ¡ T / C ¾"
¡
T 4

1 R ¡ T 4
¢

(17)

where the sink temperatures are now in terms of convection, T1C ,
and radiation, T1 R , respectively.The Fourier form of Eq. (17) using
Eq. (16) is

¡k
dT

dx
C .hc C h R/T D hc T1C C h R T1 R (18)

To use the analytical model, Eq. (18) must be rewritten to � t the
general form given by Eq. (4). Thus, a total combined heat transfer
coef� cient can be de� ned as

h D hc C h R (19)

The only dif� culty then, is combining the sink temperatures.Based
on comparative analyses, it was determined that the most accurate
representation of a combined sink temperature was the average of
both the convectionand radiationvalues. With this assumption,and
by use of a combined heat transfer coef� cient, Eq. (9) can then be
used to perform analyses with combined convection and radiation
boundaryconditions.Figure10 showsa comparisonof theanalytical
and FE results for combined conditions.

From Fig. 10, it is evident that the model for combined bound-
ary conditions is suf� ciently accurate. The results of this combined
analysis show improved agreement over that of convection-only
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Table 3 Comparison of analytical and FE temperature results for
convection-only, radiation-only, and combined convection–radiation

boundary conditions at various analysis timesa

Convection Radiation Combined

Surface 30 s 300 s 3600 s 30 s 300 s 3600 s 30 s 300 s 3600 s

Top 0.19 0.86 4.83 0.9 2.58 5.59 0.26 1.16 0.58
Bottom 0.26 1.32 5.36 1.44 3.52 5.38 1.39 2.52 0.88
aResults indicate temperature change.

Fig. 10 Through thickness skin temperatures for combined
convection–radiation boundary conditions.

and radiation-only boundary conditions. This improvement is po-
tentially a result of the assumptionof average sink temperatures.By
the use of this assumption, the sink temperatureson the surfaces are
lowered, in comparison to the convection-only analysis. Because
the form of the analytical model is based on convection boundary
conditions, this is equivalent to performing convectionanalysis at a
slightly lower temperature;however, the FE sink temperatureswere
not combined and are not changed from the individual convection
and radiation analyses. Thus, as the in� uence of the second term
grows with time, the results remain closer together because of this
perceivedloweringof the sink temperaturein the analyticalanalysis.

Analytical Model Conclusions

It can be concluded that the developed analytical model serves
to improve con� dence in the FE models, while providing an ac-
curate, closed-form method of heat transfer analysis under certain
conditions. Table 3 summarizes the maximum temperature differ-
ences between the analyticalmodel and the respectiveFE model for
cases of convection, radiation, and combined convection–radiation
boundary conditions with sink temperatures independentof time.

From Table 3, it can be seen that the maximum difference in re-
sults occurred in the radiation-onlyanalysis.This was expected due
to the additional error incurred by assuming the radiation boundary
conditions could be approximatedusing linear equations.The error
caused by this assumptionalone, however, is very small by compar-
ison of convection-only and radiation-only results. The number of
terms in the series is not a likely source of error, because, as seen
in Table 2, with a reasonable number of terms, this source of error
is negligible. It can be concluded, therefore, that the largest portion
of error in the analytical model is caused by the sensitivity of the
¯m values and the ill conditioningassociated with the transcenden-
tal equation used to obtain these values. The analytical results for
the convection-only and radiation-only boundary conditions were
found to diverge from the FE results as time increased, to a maxi-
mum of 5 and 6 deg, respectively, at steady state. This effect was
caused by the greater in� uence of the exponential term of Eq. (9) as

time increased, which translates to a greater impact on the overall
temperature predicted, due to the heat transfer coef� cients and sink
temperature values contained in this term. This causes the afore-
mentioned errors associated with the analytical model to become
more apparent. The analysis with combined convection–radiation
boundary conditions showed a lowering of the discrepancies be-
tween the analytical and FE results, due to an assumption of an
average sink temperature in the analytical model. This assumption
caused the analytical analysis to be performed at a slightly lower
sink temperature, thus lowering the resulting temperature pro� les.

The analytical results were found to be accurate to within
5% of the FE results for all cases. It can accurately be used to
model convection-only, radiation-only, and combined convection–
radiation boundary conditionswith the same or differentheat trans-
fer coef� cients and sink temperatures at each surface. It is limited,
however, in that only convection boundary conditions with time-
dependent sink temperatures can be modeled ef� ciently. The inclu-
sion of time-dependent heat transfer coef� cients, either in convec-
tion or radiation due to a time-dependent sink temperature, cannot
bemodeledusingthe integraltransformmethod,due to cumbersome
integrations and necessary simplifying approximations.

Summary
The approachused in this paper, that of applyingall three mecha-

nisms of heat transferwithin the box structure,is novel; likewise, the
use of external boundary conditions in ABAQUS to include the ef-
fects of free convection within the cavity, or box, is not commonly
found in commercial FE packages. The novel aspect of analyti-
cal modeling for more complex radiation and combined boundary
conditions is developed. An integral transform-based technique is
successfully used to model convection, radiation, and combined
convection–radiationboundary conditionswith differentheat trans-
fer coef� cients and sink temperatures at each surface of a � nite � at
plate. A model for convection boundary conditions with transient
sink temperatures is also developed, and the limitations and errors
associated with this analytical modeling method are explored.
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